Nanosecond pulse discharge plasma imaging, coupled pulse energy measurements, and kinetic modeling are used to analyze the mechanism of energy coupling in high repetition rate, spatially uniform, nanosecond pulse discharges in air in plane-to-plane geometry. Under these conditions, coupled pulse energy scales nearly linearly with pressure (number density), with energy coupled per molecule being nearly constant, in good agreement with the kinetic model predictions. In spite of high-peak reduced electric field reached before breakdown, E/N ∼ 500-700 Td, the reduced electric field in the plasma after breakdown is much lower, E/N ∼ 50-100 Td, predicting that a significant fraction of energy coupled to the air plasma, up to 30-40%, is loaded into nitrogen vibrational mode.
Introduction
Recent studies of nanosecond pulse volume-filling discharges have been driven primarily by their applications for nonequilibrium plasma-assisted combustion, such as ignition and flame holding in quiescent and flowing air-fuel mixtures, ignition in supersonic flows, ignition delay reduction in shock wave preheated mixtures, and flame stabilization [1] [2] [3] . Key characteristics of these discharges are their relative stability at high pressures and operation at high values of the reduced electric field, E/N ∼ 10 2 -10 3 Td (1 Td = 10 −17 V cm 2 ). Under these conditions, a significant fraction of the input discharge power is spent on electronic excitation of molecules and molecular dissociation by electron impact, resulting in efficient generation of reactive radical species in fuel-air mixtures. Recent experimental results [4] also suggest that a significant fraction of input energy in nanosecond pulse discharges (up to 30%) may be loaded into the vibrational mode of nitrogen, in spite of high-peak E/N values. Quantitative insight into kinetics of radical species generation, vibrational excitation/relaxation, and resultant chemical reactions of fuel oxidation in nanosecond pulse discharge plasmas require accurate measurements of coupled pulse energy, as well as kinetic modeling analysis of the energy coupling process to predict input energy fractions into dissociation, electronic excitation, and vibrational excitation. These data are necessary for development, assessment and validation of predictive kinetic models of plasma-assisted fuel oxidation and ignition.
Plasmas generated in nanosecond pulse surface dielectric barrier discharges (NS-DBDs) have been studied experimentally [5] [6] [7] [8] [9] [10] [11] [12] and computationally [13] [14] [15] , for high-speed flow control applications. Roupassov et al [5] have shown that the dominant effect of NS-DBD plasma actuators on the flow is due to rapid localized heat generation. They detected compression waves in quiescent air generated by localized heating in the nanosecond pulse discharge in a DBD actuator. The dynamics of compression waves generated in an NS-DBD plasma actuators has been studied in greater detail, and they were traced to wavelets generated by individual discharge filaments [7, 8] . Thermal perturbations in NS-DBD actuators have been shown to excite shear layer instabilities and generate coherent flow structures (spanwise vortices) in Mach 0.12-0.26 flows over an airfoil. This effect results in flow reattachment over a wide range of pulse repetition rates [9] [10] [11] . Finally, compression waves generated in an NS-DBD actuator placed on the surface of a cylinder model in a Mach 5 flow strongly perturbed the bow shock in front of the model and increased the shock stand-off distance [12] .
Quantitative understanding of the mechanism of flow forcing by NS-DBD plasma actuators requires predictive modeling of surface nanosecond pulse discharge development, thermalization of energy stored in charged and excited species, and coupling of localized thermal perturbations to the flow field. The most challenging aspect of this problem is incorporating an extremely wide range of time scales from ∼10 −11 -10 −7 s typical of formation and propagation of surface streamer/ionization wave nanosecond pulse discharges, to ∼10 −7 -10 −6 s for discharge energy thermalization and compression wave formation, to ∼10 −6 -10 −3 s for flow structure formation and development. To make the problem computationally tractable, air plasma kinetic processes controlling the energy thermalization rate, such as electron-impact excitation and quenching of electronically excited species as well as detailed electron-ion kinetics, are typically left out [13] [14] [15] . Instead, the discharge energy fraction thermalized 'rapidly' (i.e. on the acoustic time scale or shorter), predicted by detailed, zero-dimensional air plasma models, is used to predict the rate of localized heating by the discharge [14] . Although the use of this simplified approach allows coupling the drift-diffusion discharge equations with compressible Navier-Stokes equations to model compression wave formation in quiescent air, monitoring their propagation and interaction with the flow on a long time scale remains an open challenge. Another approach is to use a semiempirical near-surface energy addition model, via surface or volumetric heating, to generate compression waves and monitor their effect on the flow [16] . However, this approach lacks predictive capability and can only be used for parametric studies of plasma flow control. Obviously, there is a need for a physics-based yet conceptually simple surface NS-DBD plasma model, which can be coupled with a flow code without any additional computational cost and used for predictive flow control modeling. The objectives of this paper are as follows: (i) to measure coupled pulse energy in volume-filling, repetitive nanosecond pulse discharges in plane-to-plane geometry, for different waveforms and over a wide range of pressures, pulse repetition rates, and discharge burst durations; (ii) to compare the experimental results with kinetic modeling predictions of energy coupling in a plane-to-plane nanosecond pulse discharge; and (iii) to develop a self-similar NS-DBD plasma actuator model and compare it with available experimental results and two-dimensional nanosecond pulse discharge modeling calculations.
Nanosecond pulse DBD in plane-to-plane geometry
In this work, coupled pulse energy in nanosecond pulse discharges in plane-to-plane geometry has been measured in a discharge cell used in our previous work [17] [18] [19] and is shown schematically in figure 1. The discharge was sustained in dry air slowly flowing through a rectangular cross section quartz channel (220 mm length×22 mm span×10 mm height), with two rectangular copper plate electrodes, 14 mm wide and 65 mm long, attached to the outside surface of the channel. The electrodes are separated from the plasma by the quartz channel walls, 1.75 mm thick. The electrode plates are rounded at the corners to reduce the electric field non-uniformity, and covered with a silicone rubber adhesive to prevent corona formation outside the channel. The electrodes are powered using two different high-voltage nanosecond pulse generators, a Chemical Physics Technologies (CPT) generator producing 25 kV peak voltage pulses with pulse duration of ∼50 ns and pulse repetition rate of up to ν = 50 kHz, and an FID GmbH generator producing 30 kV pulses of 5-10 ns duration and pulse repetition rate of up to ν = 100 kHz. To produce breakdown in the discharge section on the very first pulse, the test cell was irradiated by a mercury-argon vapor UV lamp through the side wall of the channel, providing weak pre-ionization of the discharge volume. Figure 2 shows a collage of single-pulse plasma images taken during a nanosecond pulse burst produced by the CPT pulser in air at P = 60 Torr and pulse repetition rate of ν = 40 kHz [19] . The images were taken using a gated PI-MAX ICCD camera with a UV lens (UV-Nikkor 105 mm f/4.5, Nikon), with a 1 µs gate. Broadband emission from the air plasma under these conditions is dominated by nitrogen Figure 2 . ICCD camera images of a repetitive nanosecond pulse plasma in air sustained by the CPT pulser. P = 60 Torr, ν = 40 kHz, 1 µs gate [19] . second positive system bands, with emission decay time of about 10 ns [18] . From figure 2, it can be seen that although the first discharge pulse exhibits some non-uniform filamentary structure, the non-uniformity during the second discharge pulse is substantially reduced. Plasma images taken during subsequent pulses appear diffuse and uniform, with plasma filling the entire volume between the electrode plates. Images taken using a shorter camera gate, 4 ns, have shown the same result, demonstrating that at P = 60 Torr, air plasma generated by nanosecond pulses between two plane, dielectric-covered electrodes at high repetition rates is diffuse and uniform on a nanosecond time scale. Initial plasma non-uniformity (during the first few pulses) is likely caused by stochastic streamer breakdown, self-terminating due to localized charging of dielectric surfaces, and occurring without or at very low initial pre-ionization. At very low pulse repetition rates, a few tens of Hz, every pulse during a 100-pulse burst remains filamentary, although time-averaged images (over 100 pulses) appear uniform [18] . Qualitatively, this is similar to formation of micro-discharges occurring in ac (sine wave) DBD discharges. Transition from filamentary to diffuse discharge occurs only if the pulse repetition rate is sufficiently high (under our conditions, from a few kHz to a few tens of kHz). This shows that residual ionization remaining from a previous pulse is critical for development of a diffuse, volume-filling, near one-dimensional discharge. Clearly, very low initial pre-ionization, provided by the mercury vapor lamp, is not sufficient for this, and several discharge pulses produced at a high repetition rate are needed to produce enough residual ionization in the volume for the subsequent pulses to become uniform. Figure 3 shows that, as the pressure is increased above P = 100 Torr, the plasma gradually becomes less uniform, with brighter filaments forming near the edges of the electrodes. Qualitatively similar trends are observed in a discharge sustained by the FID pulser operated at ν = 10 kHz, where uniform plasma, generated after ∼10 pulses in the burst (see figure 4(a) ), begins exhibiting multiple-streamer structure above P = 200 Torr (see figure 4(b) ). At P = 500 Torr, the plasma becomes very dim and nearly disappears. The number of pulses needed for the plasma to become uniform depends on the pulse repetition rate and pressure. At 40 kHz, 40-60 Torr, using the CPT pulser, the plasma appears visibly uniform after ∼3-5 pulses, while at 10 kHz, 100 Torr, using the FID pulser, this takes ∼10-20 pulses (e.g. see figure 4 (a)). Summarizing, nanosecond pulse discharges produced by CPT and FID pulsers operated at high pulse repetition rates (kHz range) appear uniform and diffuse over a wide range of pressures, up to at least P ∼ 100 Torr. Figure 5 shows a schematic of custom-designed voltage and current probes used for nanosecond pulse discharge waveform measurements. Two identical low-inductance (∼0.1 nH), feed-through capacitive voltage divider probes (voltage attenuation factor of 50) are placed in the positive and negative electrode leads. The leads with the probes are placed between the end of the transmission line of the pulse generator and the discharge load. Subtracting the two voltage probe waveforms yields the voltage between the leads near the discharge load and cancels the common mode voltage, which is often detected in nanosecond pulse waveform measurement and may cause a significant uncertainty in pulse energy measurements. Two identical shunt current probes (R = 0.5 , with six 3 resistors arranged radially to reduce inductance) are isolated from the high-voltage leads by 1 : 1 transformers, as shown in figure 5 . The common mode current is canceled using the anti-symmetric connection of the probes, with pulse current obtained as half the difference between the two current waveforms, I pulse = (I + − I − )/2 = [(I pulse + I common ) − (−I pulse + I common )]/2. The probes were calibrated using square-wave voltage pulses with known rise/fall time and amplitude. The stray phase-shift between the voltage and current probes is determined for the 'open load' conditions, when no breakdown is achieved and pulse energy coupled to the load is zero. Figure 6 plots voltage and current waveforms (a), as well as instantaneous power and coupled pulse energy (b) in a nanosecond pulse discharge in air at P = 60 Torr and ν = 10 kHz, produced by the CPT pulser generating a bipolar negative-positive pulse ∼50 ns long (pulse #50 in the burst). It can be seen that breakdown during the negative polarity pulse, detected by a 'kink' in the voltage and power waveforms, occurs approximately at 13 kV. As expected, time-dependent energy coupled to the load shows two maxima corresponding to peak energy storage in the capacitive load, as applied voltage peaks at −23 kV and +19 kV, before reaching the asymptotic value of approximately 1.0 mJ (energy coupled to the plasma).
To obtain insight into the energy coupling kinetics in the discharge, we used a quasi-1D, drift-diffusion, local ionization analytic model of nanosecond pulse discharge in plane-toplane geometry, developed in our previous work [19] where it is described in detail. Briefly, the model takes into account electron-impact ionization during pulsed breakdown, as well as plasma self-shielding during sheath formation and charging of dielectric layers, on a nanosecond time scale. The expression for Townsend ionization coefficient, α ion , used by the model is a fit to experimental data in nitrogen over a wide range of reduced electric fields, E/N = 85-3400 Td [20] . At these high E/N values and on a nanosecond time scale, electron attachment to oxygen and electron-ion recombination do not play a significant role in the ionization kinetics. Figure 7 (a) shows a schematic of a one-dimensional, nanosecond pulse, DBD in plane-to-plane geometry [19] . Discharge energy fraction into vibrational excitation of nitrogen in air plasma is predicted as a function of E/N by a two-term expansion Boltzmann equation solver [18] . The use of a 1D approximation is justified by the images of nanosecond pulse discharges, such as shown in figures 2-4, demonstrating their uniformity over a fairly wide range of pressures. As shown in [19] , in this case electric field and electron density distributions in the plasma remain uniform, such that the problem can be reduced to coupled analysis of the sheath and a 0D quasi-neutral plasma. Note that energy coupled to the plasma during the pulse depends on the initial electron density (residual electron density from a previous pulse), which is subject to significant uncertainty due to uncertainty in electron recombination and attachment rates between the pulses. However, this dependence is fairly weak (logarithmic). In [18] , the coupled pulse energy was calculated versus initial electron density ranging from n e0 = 10 7 to 10 10 cm −3 , showing only about 10% variation. In this work, it was assumed to be n e0 = 10 6 cm −3 . Although the present model is not capable of capturing the effect of plasma nonuniformity over the first few pulses (see figures 3, 4), it becomes applicable after sufficient residual ionization is generated, which makes large-volume uniform ionization possible during subsequent pulses.
Ionization coefficient in [20] was measured for stationary, rather than pulsed, electric field. Also, the results of [20] may well be inapplicable in the sheath, where the reduced electric field may significantly exceed E/P ∼ 10 3 V cm −1 Torr −1 and non-local ionization may become important. However, the analysis of breakdown in long gaps, with the effect of highenergy (runaway) electrons incorporated [21] , demonstrated that the Townsend mechanism of ionization remains valid even in very strong fields, if the distance between the electrodes, L, considerably exceeds characteristic distance for electron multiplication, ∼α −1 ion (of the order of sheath thickness), as indeed occurs under the present conditions [19] . Using the expression for Townsend ionization coefficient in N 2 for very strong fields (E/P > 1500 V cm −1 Torr −1 ) suggested in [22] shows that the present model somewhat underestimates the sheath thickness and overpredicts the field in the sheath, by up to a factor of 2-3. However, this has almost no effect on the parameters in the plasma or on predicted coupled pulse energy. Figure 7 (b) plots the applied electric field (an experimental CPT pulse waveform and a Gaussian fit used by the model), as well as electric field and electron density in the plasma, predicted by the model in air at P = 60 Torr. It can be seen that the predicted breakdown voltage, 12 kV, is in close agreement with the experimental value, 13 kV. After breakdown, the (a) Schematic of a quasi-1D, nanosecond pulse, DBD in plane-to-plane geometry [19] ; (b) applied electric field (solid line, experimental; dashed line, Gaussian fit), field in the plasma, and ionization fraction in the plasma predicted by the nanosecond pulse discharge model. The derivative of the applied electric field is also shown. Air, P = 60 Torr, CPT pulser.
field in the plasma rapidly drops, due to shielding by the sheath and charges accumulated on the dielectric surfaces, which terminates ionization and limits energy coupled to the plasma. However, as seen from figure 7(b), the electric field in the plasma after breakdown does not fall to zero, and is controlled by the rate of applied electric field variation,
, where ν RC is the time constant of the RC circuit created by the resistance of the plasma and the capacitance of the load [19] , l and ε are the thickness of the dielectric and the dielectric constant (see figure 7(a)), and n e∞ and µ e are the quasi-steadystate electron density and mobility. This results in additional energy coupling to the plasma after breakdown. In the present model, the electron mobility is assumed to be constant, since this allows obtaining a relatively simple closed-form analytic solution [19] , without having a significant effect on the results. From the discussion above, it is apparent that taking into account electron mobility variation with the reduced electric field (higher mobility as E/N is reduced [23] ) would reduce the field in the plasma after breakdown by up to 20-30%. Figure 8 (a) compares the experimental and the predicted time-resolved energy coupled to the load, under the conditions of figure 7(b). It can be seen that the asymptotic coupled energy values are close to each other, although the model underpredicts peak transient energy values controlled by storage in the capacitive load. This difference is likely due to neglecting the load inductance, which is not incorporated in the present purely electrostatic model. Figure 8 (a) also plots the reduced electric field in the plasma during the discharge pulse. It can be seen that the peak E/N value, reached before breakdown, is very high, over 500 Td. However, after breakdown E/N in the plasma is much lower, only ∼50-100 Td. Low reduced electric field causes a significant fraction of energy coupled to the plasma after breakdown to be loaded into the vibrational mode of nitrogen, as shown in figure 8(b) . Under these conditions (air at P = 60 Torr, CPT pulser), the model predicts that almost 40% of the total energy coupled to the plasma is loaded into nitrogen vibrational energy mode, in spite of a very high-peak E/N value. Figure 8 (b) compares experimental and predicted couple pulse energy over a wide range of pressures, P = 20-340 Torr. It can be seen that at low pressures (up to P ∼ 100 Torr), the experimental pulse energy increases nearly linearly with pressure, until it levels off at P ∼ 200 Torr and then decreases to near zero at P = 340 Torr. The model is in fairly good agreement with the experiment at P ∼ 20-100 Torr but does not reproduce pulse energy leveling off and reduction at higher pressures. Comparison of figure 8(b) with the images of the plasma shown in figure 3 suggests that deviation of the model predictions from the experimental results above P ∼ 100 Torr is due to plasma non-uniformity and filament development at higher pressures. Figure 9 (a) plots instantaneous power and coupled energy in a nanosecond pulse discharge in air at P = 60 Torr sustained by the FID pulser, connected to the electrodes by a coaxial transmission line 3 m long. The multiple transient power and stored/coupled energy maxima, approximately 38 ns apart, are due to multiple reflections of the voltage pulse off the load and the pulse generator, yielding pulse speed in the transmission line of approximately 16 cm ns −1 . The reflected pulses couple additional energy (approximately 40% of the total energy input under the conditions of figure 9 ) to the plasma generated by the incident pulse. Figure 9 (b) plots the applied electric field (an experimental FID pulse waveform with the incident and the first two reflections, and a Gaussian fit used by the model), as well as electric field and electron density in the plasma, predicted by the model in air at P = 60 Torr. Similar to the results predicted for the CPT pulser (see figure 7(b) ), it can be seen that the electric field in the plasma after breakdown is controlled by the rate of applied voltage variation in the incident and reflected pulses. This effect is better illustrated in figure 10(a) , plotting the reduced electric field in the plasma during the incident and the reflected pulses. Again, it can be seen that peak E/N before breakdown exceeds 700 Td, with post-breakdown values of E/N ∼ 50-100 Td. Under these conditions (air at P = 60 Torr, FID pulser), the model predicts that approximately 33% of the total energy coupled to the plasma (by the incident and reflected pulses together) goes to nitrogen vibrational excitation. Similar to the results for the CPT pulser (see figure 8(a) ), the predicted asymptotic coupled energy is close to the experimental result, with peak transient stored/coupled energy underpredicted due to neglecting the load inductance. These results are in good agreement with picosecond CARS measurements of nitrogen vibrational temperature in a plane-to-plane nanosecond pulse discharge in air measured versus pulse number in the burst [24] , which demonstrate that approximately 40% of the input pulse energy is stored in N 2 vibrational mode. A detailed comparison of picosecond CARS data with nonequilibrium air plasma chemistry kinetic model predictions is given in [24] . Figure 10(b) compares experimental and predicted coupled pulse energy (both for the incident pulse alone and with reflected pulses incorporated) at P = 20-300 Torr. Similar to the results for the CPT pulser (see figure 8(b) ), at low pressures (up to P ∼ 250 Torr), the experimental pulse energy increases linearly with pressure, before leveling off near P ∼ 300 Torr and then falling to near zero at P ∼ 460-500 Torr. Comparing figure 10(b) with the images of the plasma shown in figure 4 , it can be seen that the coupled energy levels off when the plasma begins to exhibit non-uniformity due to multiple-streamer breakdown, at P ∼ 250 Torr. Steep coupled energy reduction at P ∼ 500 Torr is consistent with the plasma becoming very dim at this pressure (see figure 4) . Note that at P = 500 Torr, the energy coupled by the incident pulse is essentially zero, although the reflected pulses still couple energy to the plasma (see figure 10(b) ). In fact, comparison of pulse voltage waveforms taken at different pressures with the 'open load' waveform taken at P = 760 Torr demonstrates that at P = 500 Torr breakdown does not occur until the first reflected pulse. Again, the model prediction is in fairly good agreement with the experiment at P ∼ 20-200 Torr but does not reproduce pulse energy leveling off and reduction at higher pressures, when the plasma can no longer be considered quasi-1D.
At high pressures and on long time scales, attachment to oxygen in air may affect the electron density in the shielded plasma after breakdown. Estimated electron density decay time due to three-body attachment to oxygen in air at P = 100 Torr is τ ∼ (k att [ for the pulsers used, ∼10-50 ns. While attachment would reduce the electron density, n e (t), it would also result in the increase of the electric field in the shielded plasma, controlled by the time derivative of the applied voltage after breakdown, E after (t) = (εε 0 /2len e (t)µ e )U app (t), until ionization becomes significant again or the voltage pulse ends. Since the power loading is proportional to n e (t)E(t) 2 , this effect would further increase the energy coupled to the plasma at high pressures. However, in the high pressure range, where attachment would become significant, the present model is no longer applicable due to plasma filamentation (see figures 3 and 4) . Figure 11 summarizes coupled pulse energy dependence on the pulse number in the burst in the nanosecond pulse discharge sustained by the CPT pulser, at different pulse repetition rates and pressures. It can be seen that at P = 62 Torr and ν = 1 kHz, the energy coupled by pulses #5-#800, when the plasma is diffuse and uniform, remains essentially constant, Q pulse = 1.05-1.15 mJ/pulse. This demonstrates that surface charge accumulation on the dielectrics (quartz channel walls), which would result in applied field shielding and coupled energy reduction, is a fairly insignificant effect under the present conditions. At higher pulse repetition rates, ν = 20 and 40 kHz, the coupled energy starts decreasing after the first ∼100 pulses. This is likely caused by the Joule heating of the plasma. Under these conditions, the estimated temperature rise per pulse in the absence of heat transfer, T pulse ∼ Q pulse /ρc p V ∼ 1 mJ/pulse/(0.1 kg m −3 × 10 3 J kg −1 K −1 × 10 cm 3 ) ∼ 1 K/pulse, which gives T ∼ 100 K over the first 100 pulses. At relatively low pulse repetition rates, ν ∼ 1 kHz, the Joule heating is balanced by convection and conduction cooling of the flow in the discharge cell. However, at high pulse repetition rates, ν = 20-40 kHz, the cooling rate becomes very slow compared with the rate of discharge energy loading. As the gas temperature increases at constant pressure, the coupled pulse energy is reduced because in a uniform nanosecond pulse discharge energy coupled per molecule remains approximately constant [19] , resulting in linear scaling of coupled energy with the number density. This trend can be seen clearly in figures 8(b), 10(b) and 11(b) where the coupled pulse energy at low pressures indeed increases linearly with pressure.
The results of nanosecond pulse discharge plasma imaging, coupled pulse energy measurements, and comparison with kinetic modeling calculations suggest that the mechanism of energy coupling in high repetition rate nanosecond pulse discharges in air in plane-to-plane geometry, under the conditions when the plasma is uniform and diffuse, is well understood. Under these conditions, energy coupled per pulse remains nearly constant throughout the discharge burst, until the Joule heating becomes significant. The coupled pulse energy scales nearly linearly with pressure (number density), with pulse energy coupled per molecule being nearly constant, in good agreement with the model predictions. The present analytic model remains valid only under the conditions when the plasma is demonstrated to be diffuse and filament free, which needs to be verified by nanosecond camera gate discharge images. The present results demonstrate that in double dielectric barrier, plane-to-plane nanosecond pulse discharges this occurs at relatively low pressures (typically below ∼100 Torr) and at relatively high pulse repetition rates (kHz range), although uniform, volume-filling, nanosecond pulse N 2 plasmas in high-speed flows have been obtained at pressures of up to at least 350 Torr, at a pulse repetition rate of 100 kHz [25] ).
Nanosecond pulse surface DBD
It is well known that nanosecond pulse surface DBDs often exhibit filamentary structure, especially during the 'reverse breakdown' stage in positive polarity pulses [6] [7] [8] . However, compression wavelets generated by individual discharge filaments in long NS-DBD actuators coalesce into two-dimensional compression waves a few mm from the surface (∼10 µs after the pulse), with the superposition wave front parallel to the actuator axis [7] . This justifies modeling discharges in NS-DBD actuators used for flow control applications using a two-dimensional approach, with the main goal being prediction of energy coupled to the plasma during the discharge pulse, as well as its spatial distribution versus distance from the high-voltage electrodes and versus height above the dielectric. A schematic of a nanosecond pulse surface DBD in twodimensional geometry is shown in figure 12 . Following surface ionization wave analysis developed by Lagarkov and Rutkevich [26] , two-dimensional drift-diffusion equations of a surface nanosecond pulse discharge can be reduced to a quasione-dimensional self-similar equation system for the near-wall electric field components parallel and perpendicular to the surface, E xw and E yw , electron and ion densities, n ew and n iw , and plasma layer thickness parameter λ = 1/δ, such that n e (x, y) = n ew (x) · exp(−λy) = n ew (x, y) · exp(−y/δ) :
dn e dξ = νn e + µ e n e (dE x /dξ) + µ e n e 3 2
(E
In equations (1)- (5), V is the ionization wave speed, ξ = x + V t is the self-similar variable for left-running wave, ϕ is the electric potential at the wall, dϕ/dξ = −E x , h is the dielectric thickness, ε is the dielectric constant, µ e = 300×(760/P (Torr)) cm 2 s −1 is the electron mobility, ν = αµ e E is the ionization frequency, α is the ionization coefficient, n e0 and n e∞ are initial electron density and asymptotic electron density behind the wave. In equation (5), the non-dimensional parameter a is determined from current continuity across the wave front, |ρ|>0 j yw dξ + ∞ 0 j x dy ρ=0 = 0, with the first integral (transverse current at the surface) taken over the space charge region where charge density is |ρ| > 0, and the second integral (axial current) evaluated at the boundary of the space charge region where ρ →0. For brevity, the subscript 'w indicating nearwall parameters in equations (1)- (5) is omitted. In this work, ionization coefficient by electron impact is a fit to the experimental Townsend ionization coefficient in nitrogen [20] , assumed to be a function of the local reduced electric field value, E/p:
For nanosecond pulse discharge modeling in air, equation (6) should be replaced with an appropriate ionization coefficient expression, such as the one used by Macheret el al [27] . Note, however, that ionization coefficients in nitrogen and air are close to each other [23] . As discussed in section 2, electron attachment in air would not change the results significantly since at high-peak reduced electric fields typical of surface nanosecond pulse discharges, E/N ∼ 10 −14 V cm 2 [5] , the attachment frequency in air is much lower compared with ionization frequency [23] . In particular, three-body electron attachment to oxygen and electron-ion recombination would affect the electron density only on a long time scale, long after the discharge pulse is over.
The system of equations (1)- (5) was derived assuming that the electric field far ahead of the wave is created by the space charge in the wave front (see figure 12 ), approximated as a thin charged line on the surface of the dielectric layer with thickness h and dielectric constant ε, placed on top of the grounded electrode [26] . In this case the approximate asymptotic initial conditions for the electric field and potential in weakly preionized plasma far ahead of the wave are as follows:
Here E * y is the peak transverse field in the wave front (at ξ = ξ * ). Although equations (1)- (5) do not incorporate electron diffusion, numerical solution of the equation system with electron diffusion incorporated demonstrated that its effect on the solution is fairly weak, as expected. Also, this problem formulation implicitly assumes that secondary electron emission coefficient from the dielectric surface is sufficiently large not to be a 'bottleneck' for the current in the positive polarity discharge, when the electron flux is directed from the surface to the high-voltage electrode. Finally, the present model assumes that ionization rate is determined by the local electric field.
Equations (1)- (5) can be solved analytically, giving selfsimilar electric field and electron density distributions in the surface nanosecond pulsed discharge, as well as the plasma layer thickness versus the ionization wave speed V , used as an input parameter of the model, similar to one-dimensional ionization waves in plane-to-plane discharge geometry [19] and quasi-one-dimensional fast ionization waves produced in plasma waveguides [28] . The results can be related to the rate of voltage rise on the high-voltage electrode, dU/dt, as follows:
where E x∞ is the asymptotic quasi-steady-state value of the axial electric field sustained in the plasma layer after the wave [28] . Thus, for the given pulse voltage rise time, known from experiment, ionization wave speed, electric field and electron density in the wave front and behind the wave, plasma layer thickness, and energy coupled to the plasma can be predicted. In this work, equations (1)- (5) are solved numerically. Figure 13 plots axial and transverse electric field, electron density, ionization frequency, plasma layer thickness parameter λ, space charge density, reduced electric field, and distributions of energy storage and coupling rates per unit actuator length,
where σ (ξ ) is the surface charge density and j · E is the power coupled per unit volume, in the surface ionization wave front in nitrogen at dU/dt = 2 kV ns −1 , U peak = 14 kV, for h = 0.3 mm, ε = 5, and n 0 = 10 4 cm −3 . In figure 13 , the results are plotted for the negative polarity (a)-(c) and positive polarity (d)-(f ) discharges. The discharge geometry, voltage rise rate, and peak voltage are the same as used by Unfer and Boeuf [14] in two-dimensional simulation of surface nanosecond pulse discharges in air, and close to the experimental conditions of Starikovskii et al [6] . Under these conditions, the positive polarity ionization wave speed predicted by the present model is V = 0.057 cm ns −1 . This is in good agreement with the predictions of a two-dimensional numerical model [14] , V = 0.05 cm ns −1 , and consistent with the surface discharge propagation speed measured in [6] , V ≈ 0.1 cm ns −1 . It can be seen that transverse electric field dominates the axial field in the wave front (see figures 13(a) and (d)). Predicted peak reduced electric field in the negative polarity wave front, E/N = 760 Td (see figure 13(c) ), is in fairly good agreement with emission spectroscopy measurements [6] , E/N ≈ 800 Td. The electric field after the wave front and peak electron density predicted by the model in the positive polarity discharge, E x∞ = 35 kV cm −1 and n e∞ = 0.86 × 10 15 cm −3 (see figure 13 (f )), as well as peak current during the pulse, I peak = 11.8 A, are close to the two-dimensional results, E x = 28 kV cm −1 , n e∞ = 1.1 × 10 15 cm −3 and I peak = 10 A [14] . The wave propagation distance, L ≈ U peak /E x∞ ≈ 3.6 mm (see figure 13(f ) ), and the plasma layer thickness, δ = 1/λ ≈ 80 µm (see figure 13(e) ), are also consistent with the two-dimensional model, ≈ 3 mm and ∼100 µm, respectively. Although the present model does not incorporate the boundary conditions for the electron density on the wall and is not capable of accurate prediction of transverse electron density distribution, it provides an estimate of the distance from the surface where the discharge energy is coupled, n e (x, y) = n ew (x, y) · exp(−y/δ). Note that both in the 2D modeling calculations [14] and in this work the predicted plasma layer thickness behind the ionization wave front remains nearly constant.
Since both electron density and surface charge density behind the wave front increase linearly, while the electric field does not vary very much, both energy storage and coupling rates, dQ forward /dξ and dQ stored /dξ, increase as |ξ − ξ * | 2 , as can be seen in figures 13(c) and (f ). Under the conditions of figure 13 , the sum of energy coupled to the plasma and energy stored by charging the dielectric surface is Q coupled = Q forward + Q stored = 0.38 mJ cm −1 , both in the positive and the negative polarity discharges. Since the characteristic time of the RC circuit formed by the plasma and the charged dielectric layer,
τ RC ∼ 7 ns, is essentially the same as the voltage rise time, τ pulse = U peak /E x∞ V = 7 ns, the coupled and the stored energies are the same, Q forward = Q stored = 0.19 mJ cm −1 , i.e. only half of the input energy is coupled to the plasma. Additional energy, Q reverse Q stored , may be coupled to the plasma by the 'reverse breakdown' wave which occurs during the voltage fall, when the surface charge is removed from the dielectric [5] [6] [7] . If no net charge accumulation on the dielectric surface occurs after the pulse, then Q reverse = Q stored = Q forward , i.e. total energy dissipated during the discharge pulse, including the forward and the reverse breakdown waves, is Q coupled = 2Q forward .Accurate prediction of energy coupled by the reverse breakdown wave requires insight into kinetics of surface charge removal.
From figures 13(c) and (f ), it can be seen that nearly entire discharge energy is coupled to the plasma after the ionization wave front, at a relatively moderate reduced electric field of E/N ∼ 100-200 Td. This may well result in significant vibrational excitation of nitrogen in the NS-DBD plasma, similar to nanosecond pulse discharge in plane-toplane geometry discussed in section 2. The upper bound estimate of peak temperature rise in the actuator, reached near the high-voltage electrode after the pulse, is Here η ∼ 0.3 is the coupled energy fraction rapidly thermalized during quenching of excited electronic species in air at E/N = 100-200 Td [29] , on a time scale shorter than acoustic time scale, τ acoust ∼ δ/a ∼ 100 µm/300 µm µs −1 ∼300 ns under the present conditions. This is consistent with emission spectroscopy measurements of temperature in single-pulse NS-DBD plasma in quiescent air, T = 380 ± 50 K [7] . In these experiments, coupled pulse energy at U peak = 14 kV was approximately 0.36 mJ cm −1 , close to the value predicted by the model, Q coupled = 0.38 mJ cm −1 . Qualitatively, the distribution of energy coupling rate per unit actuator length plotted in figures 13(c) and (f ) is similar to the phenomenological temperature distribution along the actuator, assumed by Gaitonde and McCrink [16] , which provided best computational agreement with the complex shape of compression waves generated in quiescent air [7] . * and E ∞ , asymptotic electron density, n e∞ , ionization wave speed, V ,plasma layer thickness, δ, wave propagation distance, L, peak current, I peak , and total coupled energy per unit actuator length, Q coupled , in a surface nanosecond pulse discharge in nitrogen versus voltage rise rate on the high-voltage electrode, dU/dt. E ∞ , n e∞ , L, I peak and Q coupled are evaluated when voltage reaches U peak = 14 kV. (a), (b) negative polarity discharge, (c), (d) positive polarity discharge. Figure 14 plots peak electric field in the wave front, E * , asymptotic axial electric field, E x∞ , asymptotic electron density, n e∞ , ionization wave speed, V , plasma layer thickness, δ = 1/λ, wave propagation distance, L, as well as peak current, I peak , and coupled energy per unit actuator length, Q coupled , in a surface nanosecond pulse discharge in nitrogen versus rate of voltage rise on the high-voltage electrode, dU/dt = 0.1-4. [7] , where the rise time was varied by changing the actuator length (i.e. capacitance) by an order of magnitude, but is at variance with the results of [8] , where it was varied using an additional resistor connected in series with the actuator. Note that incorporating an external resistor into the present self-similar model is problematic. Figure 15 plots coupled energy density and estimated temperature distributions after a positive polarity discharge pulse for dU/dt = 2 kV ns −1 , U peak = 14 kV (ionization wave speed V = 0.057 cm ns −1 ). It can be seen that both distributions peak near the wall in the vicinity of the high-voltage electrode. Again, this is consistent with the phenomenological modeling results by Gaitonde and McCrink [16] , who concluded that temperature rise in the surface discharge should peak near the electrode to produce a cylindrical shape compression wave overlapped with a plane compression wave [7, 8] . Figure 16 compares experimental measurements of energy coupled per unit actuator length, Q coupled , versus peak voltage [7] (dielectric thickness h = 0.3 mm, pulse repetition rate 10 Hz), [8] (h = 0.15 mm) with model predictions, showing fairly good agreement. Although in both experiments the energy coupled by the negative polarity discharge is somewhat lower compared with the positive polarity discharge, the present model's predictions are nearly polarity independent. The difference between energies coupled to positive and negative polarity surface nanosecond pulse discharges, reported in [7, 8] , remains poorly understood. This appears to be a consistent, well-reproducible effect, not captured by the present model. Note that the appearance of positive and negative polarity nanosecond pulse surface discharges is also different, with the negative polarity pulse producing somewhat less filamentary plasma [7, 8] , which may well affect the coupled energy. Since the present model does not take into account surface discharge filamentation, it cannot capture its possible effect on coupled pulse energy. Since rates of energy storage and coupling both scale as dQ forward /dξ = dQ stored /dξ ∼ |ξ − ξ * | 2 , and wave propagation distance L = |ξ −ξ * | max is proportional to peak voltage, coupled energy plotted in figure 16 scales as the third power of peak voltage, Q coupled = const · U 3 peak (see figure 16(b) ).
Finally, figure 17 compares qualitatively the positive polarity surface ionization wave structure with ICCD images of the positive polarity discharge [8] . In both cases, the presence of two ionization wave fronts, the second lagging the first by about 2 mm, is apparent. The secondary ionization wave predicted by the present model appears when the axial field, partially shielded by the space charge in the primary ionization wave front and increasing to provide sufficient current to charge the dielectric surface, exceeds breakdown threshold.
The results plotted in figures 13-17 demonstrate that the present quasi-one-dimensional self-similar model of a surface nanosecond pulse discharge is in good qualitative agreement with the experimental data and with two-dimensional modeling calculations. Note that the present model does not incorporate detailed kinetics of ionization in air, such as associative ionization of metastable electronically excited N 2 molecules and N atoms [30] . These processes are expected to be most pronounced at high pulse repetition rates and low flow velocities, when excited metastable species may accumulate near the actuator surface. In fact, coupled pulse energy in quiescent air was shown to increase by about 50% as discharge pulse repetition rate was varied from 10 Hz to 1 kHz [7] . This provides an estimate of the range of predictive capability of the present model. The main advantage of the model is that it provides insight into the mechanism of energy coupling in NS-DBD plasma actuators and allows an approximate analytic solution, which makes it attractive for incorporating into existing compressible flow codes.
Summary
In this work, nanosecond pulse discharge plasma imaging, coupled pulse energy measurements, and comparison with kinetic modeling calculations suggest that the mechanism of energy coupling in high repetition rate nanosecond pulse discharges in air in plane-to-plane geometry, under the conditions when the plasma is uniform and diffuse, is well understood. Under these conditions, pulse energy coupled to the plasma remains nearly constant throughout the discharge burst, until the Joule heating becomes significant. Coupled pulse energy in uniform plane-to-plane nanosecond pulse discharge plasma scales nearly linearly with pressure (number density), with pulse energy coupled per molecule being nearly constant, in good agreement with the model predictions. In spite of high-peak reduced electric field reached before breakdown, E/N ∼ 500-700 Td, the reduced electric field in the plasma after breakdown is much lower, E/N ∼ 50-100 Td, predicting that a significant fraction of energy coupled to the air plasma, up to 30-40%, is loaded into nitrogen vibrational mode. This result is consistent with recent picosecond CARS measurements of N 2 vibrational temperature in a plane-to-plane repetitive nanosecond pulse discharge in air [21] . A self-similar, local ionization kinetic model predicting energy coupling to the plasma in a surface ionization wave discharge produced by a nanosecond voltage pulse has been developed in this work. The model predicts key discharge parameters such as ionization wave speed and propagation distance, electric field, electron density, plasma layer thickness, and pulse energy coupled to the plasma, demonstrating good qualitative agreement with experimental data and two-dimensional kinetic modeling calculations. The model allows an analytic solution and lends itself to incorporation into existing compressible flow codes, at very little computational cost, for an in-depth analysis of the nanosecond discharge plasma flow control mechanism. The use of this model in a flow code would 'bypass' time-resolved modeling of nanosecond pulse discharge development, since it occurs on an extremely short time scale compared with flow time scale (see the discussion in section 1). Using the analytic model of the nanosecond pulse discharge, kinetics of energy thermalization can be incorporated using predictions of zero-dimensional air plasma models [29, 31, 32] . This approach would allow placing the main emphasis of modeling on coupling of localized thermal perturbations produced by the discharge with the flow via compression waves [7] , as well as on instability development and coherent structure formation [9] , and would provide quantitative insight into the flow control mechanism on a long time scale.
